Introduction
In 1972, by applying his infinite dimensional generalization [11, Lemma 1] of the classical Knaster-Kuratowski-Mazurkiewicz Theorem [18] , Fan obtained a minimax inequality [12, Theorem 1] which has numerous applications to various and diverse branches of mathematics. Since then there are many generalizations in topological vector space setting, for example, [1] , [2] , [4] , [5] , [13] , [20] , [23] , [24] , [25] , [26] , [27] and [28] . In [14, 15, 16 ], Horvath obtained minimax inequalities by replacing convexity with pseudo-convexity or contractibility in a topological space but only in compact setting. In [3] , using Horvath's approach in [16] , Bardaro and Ceppitelli obtained some minimax inequalities in non-compact setting for mappings taking values in an ordered vector space. Xie-Ping Ding and Kok-Keong Tan [2] In this paper, we shall use Bardaro and Ceppitelli's notions of " //-space", " //-convex", "weak-//-convex" and " //-compact" in [3] to first obtain some generalizations of Fan's matching theorems [13 For further and related works and applications and for mappings taking values in an ordered vector space, we refer to Ding, Kim and Tan [7] and Ding and Tan [8, 9, 10] .
Matching theorems

•y
Let X and Y be non-empty sets; we shall denote by 2 the family of all non-empty subsets of Y and ^(X) the family of all non-empty finite subsets of X. If F: X -2 Y , define F~x, F*: Y -+ 2*u{0} and F c : X -» 2 y u { 0 } by
F' l (y) = {xeX:yeF(x)}, F*(y) = {x e X: y £ F(x)} and
F c (x) = {yeY:y$F{x)}.
We shall denote by A n the standard n dimensional simplex with the vertices e 0 , ..., e n . If J is a non-empty subset of { 0 , . . . , « } , A y will denote the convex hull of the vertices {e : j e J} . If E is a vector space and A c E, we shall denote by co{A) the convex hull of A.
The following notions which were introduced by Bardaro and Ceppitelli in [3] were motivated by an earlier work of Horvath [ 16] PROOF. Suppose the conclusion were not true, then Fj n f | ; e y ^y = 0 for each non-empty subset / of { 1 , . . . , « } . For each j = 1 , . . . , « , let Gj = S\Aj , then Gj is open in X. It follows that Fj c \J jeJ G j for each non-empty subset / of { 1 , . . . , « } . By Lemma 3, f|"=i Gj ^ 0, which contradicts the assumption U"=i A t = X. This completes the proof.
If X is a convex subset of a topological vector space and x l ,..., x n e X, let Fj be the convex hull of {Xj: j € J} for each non-empty subset / of { 1 , . . . , n} , we see then Theorem 1 generalizes Theorem 2 of Fan in [13] . [5] Matching theorems, fixed point theorems and minimax inequalities 115 PROOF. Suppose the assertion is false; then for each A e ^{X),
for each x e^ and for each A e ^(X), F A n G(x) is closed in F A . Thus by Lemma 2 the family {G(x): x G X} has the finite intersection property. By (b), G(x 0 ) is compact and for each x&X, G(x o )nG(x) is closed in G(x Q ).
It follows that f) x€X G{x) ^ 0 which contradicts (a). Hence the assertion must hold.
Theorem 3 can be restated in its contrapositive form and in terms of the complement G(x) of S{x) in X as follows. THEOREM 
Let (X, {F A }) be an H-space and G: X ->2
X be such that PROOF. Suppose the assertion were false; then for each A e &~(X),
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700030275 [7] Matching theorems, fixed point theorems and minimax inequalities 117 then G is an //-KKM map. It follows from (b) and Lemma 2 that the family {G(x): x G X} has the finite intersection property so that by (a) f\ xex G{x) ^ 0 . Take any y e f\ xeX G(x), then for each x e X, ye G(x) = S*(x) and hence x £ S(y). Thus S(y) = 0 , which is a contradiction. Hence the assertion must hold. 
which contradicts the fact that C = U"=o(^(- [13] , respectively, to a non-convex setting. We emphasize that our Theorem 8 is a true generalization of Theorem 4 of Fan in [13] while Theorem 1 of Bradaro-Ceppitelli in [3] only generalizes a special case (namely, when X -Y) of the corresponding result.
Fixed point theorems
We first shall apply Lemma 3 to obtain the following fixed point theorem which generalizes Theorem 3 of Kim in [17] to a non-convex setting and to a pair of maps.
T H E O R E M 9. L e t X be a topological space, x 0 , ... , x n e X and S , T : X -* 2 X be such t h a t use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700030275 [9] Matching theorems, fixed point theorems and minimax inequalities 119 
(x 0 ) is compact and for each x € X, S c (x o )nS c (x) is closed in S c (x Q ); (d) for each x€X and for each A € &{X), F A n S°(x) is closed in F A ; (e) for each XGX, T~X(X) is H-convex. Then there exists X€X such that x e T(x).
PROOF 
(Jc) so that x e T(x).
The following is an immediate consequence of Theorem 10.
COROLLARY 2. Let (X, {F A }) bean H-space and S, T: X -> 2 X be such that (a) for each xeX, S(x) C T{x); (b) \J x€X S(x) = X; (c) for some x 0 € S, S c (x 0 ) is compact and for each x e X, S(x) is open in X; (d) for each xeX, T~l(x) is H-convex. Then there exists Jc e X such that x e T(x).
Theorem 10 and Corollary 2 generalize Theorem 2.3 and Corollary 2.2 of Tarafdar in [27] respectively to a non-convex setting and to a pair of maps. THEOREM 
Let (X, {F A }) be an H-space and S, T: X -* 2 X be such that
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700030275
(i) for each x&X, S(x) c T(x); (ii) for each y e X, S~' (y) is open in X; (iii) for each x e X, T{x) is H-convex; (iv) there exist a non-empty compact subset L of X and a point y o £ X such that y 0 € S(x) for all x e X\L. Then there exists a point x e X such that x e T(x).
PROOF. Suppose the assertion is false, that is, x $ T{x) for all x e X.
For each x € X, let G(x) = S*(x) and F(x) = T*(x). Then we have the following properties: (a) by (i), for each yeX, F(y) c G{y); (b) for each x e X, since x £ T(x), we must have x e F{x); (c) by (ii), G{y) is closed in X for each y € X; by (iv), G(y 0 ) is a subset of L so that g(y 0 ) is compact; (d) since F*(x) = T(x) for each x e X, by (iii) F*(x) is //-convex for each x & X.
Thus all hypotheses of Theorem 5 are satisfied. By Theorem 5, f) y€X G(y)
. Take any u e f\ y€X G &) > t h e n M £ U^e A -5 '^) = *> wm 'ch is impossible. Therefore there must exist x G X such that Jc e T(jc).
As an immediate consequence of Theorem 11, we have COROLLARY 
Let X be a convex subset of a topological vector space E and S, T: X -* 2 X be such that (i) for each xeX, S(x) C T(x); (ii) for each y&X, S~l(y) is open in X; (iii) for each x € X, T{x) is convex; (iv) there exist a non-empty compact subset L of X and a point y 0 e X such that y 0 € S(x) for all x e X\L. Then there exists a point x e X such that x e T(x).
PROOF. For each A e &~(X), let F A = co(A)
; then all hypotheses of Theorem 11 are satisfied; the conclusion follows from Theorem 11.
Even when S = T, Corollary 3 improves Theorem 2 of Browder in [6] where X is also assumed to be closed. THEOREM for all a e A ;
Let (X, {F A }) bean H-space and S,T:X^2
(x); (b) for some x Q e X, S*(x Q ) is compact and for each x e X, S*(x) is closed in X; (c) for each x e X, T(x) is H-convex. Then there exists x eX such that x € T(x).
Corollary 4 generalizes
by (ii), there exists w € X such that
h(a, w) < h(z, w) for all a G A.
Choose r Q e R such that /?(a, i«) < r 0 < /?(z, to) for all a e A; then C H(w, r Q ) and z ^ //(it;, r Q ) so that z € F A for any z e r ' f y ) . It follows that F A c F*(y). Thus F*(y) is //-convex for each y € X. As an immediate consequence of Theorem 14, we obtain the following very general minimax inequality in a topological vector space. [13, Theorem 6] . For applications of Theorem 15 to variational inequalities and fixed point theorems, we refer to Bae, Kim and Tan [2] .
We now observe the following. LEMMA 
Let (Y, {F A }) bean H-space, X be a non-empty subset of Y,
:Afxy-»Ru{±oo} and aeR.
(1) If y/(x, x) < a for all x e X and for each y e Y, the set {x e X: y/(x, y) > a} is H-convex, then for each A e^ (X) and for each y e F A , y/{x, y) < a. We remark here that the condition "for each A e ^{X) and for each y £ F A , min^^ y/(x, y) < a " is a generalization of the notion " a-DQCV in x " introduced by Zhou and Chen in [29] .
As an application of Theorem 8, we present another very general minimax inequality: use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700030275
